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:H VWXG\ DQ 0 0033  TXHXHLQJ V\VWHP ZKHUH WKH DUULYDO SURFHVV LV 3RLVVRQ DQG VHUYLFH
UHTXLUHPHQWV DUH 0DUNRY PRGXODWHG :KHQ WKH 0DUNRY &KDLQ PRGXODWLQJ VHUYLFH WLPHV KDV
WZR VWDWHV ZH VKRZ WKDW WKH GLVWULEXWLRQ RI WKH QXPEHULQV\VWHP LV D VXSHUSRVLWLRQ RI WZR
PDWUL[JHRPHWULF VHULHV DQG SURYLGH D VLPSOH DOJRULWKP IRU FRPSXWLQJ WKH UDWH DQG FRHpFLHQW
PDWULFHV 7KHVH UHVXOWV KROG IRU ERWK nQLWH DQG LQnQLWH ZDLWLQJ VSDFH V\VWHPV DQG H[WHQG UHVXOWV
REWDLQHG LQ 1HXWV >@ DQG 1DRXPRY >@
1XPHULFDO FRPSDULVRQV EHWZHHQ WKH SHUIRUPDQFH RI WKH 0 0033  V\VWHP DQG LWV 0 * 
DQDORJXH OHDG XV WR PDNH WKH FRQMHFWXUH WKDW WKH 0 0033  V\VWHP SHUIRUPV EHWWHU LI DQG
RQO\ LI WKH WRWDO VZLWFKLQJ SUREDELOLWLHV EHWZHHQ WKH WZR VWDWHV VDWLVI\ D VLPSOH FRQGLWLRQ :H
JLYH DQ LQWXLWLYH DUJXPHQW WR VXSSRUW WKLV FRQMHFWXUH
 2YHUYLHZ
&RQVLGHU WKH IROORZLQJ )&)6 VLQJOHVHUYHU TXHXH WKH DUULYDO SURFHVV LV 3RLVVRQ DQG VHUYLFH WLPHV
DUH H[SRQHQWLDOO\ GLVWULEXWHG +RZHYHU WKH UDWHV RI WKHVH H[SRQHQWLDO VHUYLFH WLPHV DUH GHWHUPLQHG
E\ DQ XQGHUO\LQJ 0DUNRY FKDLQ 7UDQVLWLRQV RI WKH 0DUNRY FKDLQ WDNH SODFH DW VHUYLFH FRPSOHWLRQV
6XSSRVH WKH 0DUNRY FKDLQ KDV P VWDWHV :KHQ D VHUYLFH LV FRPSOHWHG WKH 0DUNRY FKDLQ PDNHV
D WUDQVLWLRQ ,I WKH QHZ VWDWH RI WKH 0DUNRY FKDLQ LV L L  P WKHQ WKH UDWH RI QH[W H[SRQHQWLDO
VHUYLFH WLPH ZLOO EH xL :H ZLOO FDOO WKLV DQ 0 0033  TXHXHLQJ V\VWHP
e5HVHDUFK VXSSRUWHG E\ WKH :KDUWRQ )LQDQFLDO ,QVWLWXWLRQV &HQWHU DQG E\ 16) *UDQW 6%5￿￿￿￿￿￿￿￿
2XU LQWHUHVW LQ WKLV W\SH RI TXHXHLQJ V\VWHP FRPHV IURP WKH VWXG\ RI VHUYLFH V\VWHPV ZLWK KXPDQ
VHUYHUV (PSOR\HH OHDUQLQJ DQG WXUQRYHU FDXVH WKH VHTXHQFH RI VHUYLFHWLPH GLVWULEXWLRQV WR H[KLELW
V\VWHPDWLF QRQVWDWLRQDULWLHV DV DQ HPSOR\HH OHDUQV KLV RU KHU VHUYLFH VSHHG LQFUHDVHV ZKHQ DQ
HPSOR\HH WXUQV RYHU VKH LV XVXDOO\ UHSODFHG E\ D QHZ SHUVRQ ZLWK ORZHU VHUYLFH VSHHGV :H ZLVK
WR XQGHUVWDQG WKH HmHFW RI HPSOR\HH OHDUQLQJ DQG WXUQRYHU RQ PHDVXUHV RI V\VWHP SHUIRUPDQFH VXFK
DV DYHUDJH ZDLWLQJ WLPH DQG TXHXH OHQJWK
:H PRGHO HPSOR\HH OHDUQLQJ DQG WXUQRYHU DV WUDQVLWLRQV WKURXJK VWDWHV RI D 0DUNRY FKDLQ $IWHU
HDFK VHUYLFH DQ HPSOR\HH PD\ OHDUQ DQG DGYDQFH WR D KLJKHU VNLOO OHYHO ZLWK D SUHVSHFLnHG SUREDELOLW\
$IWHU HDFK VHUYLFH DQ HPSOR\HH PD\ DOVR WXUQ RYHU ZLWK DQRWKHU SUHVSHFLnHG SUREDELOLW\ LQ ZKLFK
FDVH VKH LV UHSODFHG E\ D QHZ HPSOR\HH DW WKH ORZHVW VNLOO OHYHO 6NLOO OHYHOV FRUUHVSRQG WR VWDWHV
RI WKH 0DUNRY FKDLQ DQG WKH 0DUNRY FKDLQ PRGXODWHV WKH VHUYLFHWLPH GLVWULEXWLRQ ,Q WKH VLPSOHVW
FDVH ZKHQ WKHUH LV RQO\ RQH HPSOR\HH WKH KXPDQ VHUYHU TXHXHLQJ V\VWHP EHFRPHV DQ 0 0033 
V\VWHP
,Q DGGLWLRQ WR PRGHOLQJ VHUYHU ?OHDUQLQJ DQG WXUQRYHU WKH 0 0033  TXHXH PD\ EH XVHG
WR PRGHO D SURFHVVRU LQ D GDWD QHWZRUN 7KH SURFHVVRU ZRUNV DW D FRQVWDQW VSHHG EXW SURFHVVHV
MREV IURP VHYHUDO VRXUFHV 7KH DJJUHJDWH DUULYDO SURFHVV LV D VWDWLRQDU\ 3RLVVRQ SURFHVV EXW WKH
VRXUFH IURP ZKLFK D SDUWLFXODU MRE FRPHV WKH MRE ?W\SH LV GHWHUPLQHG E\ DQ XQGHUO\LQJ 0DUNRY
FKDLQ -REV IURP GLmHUHQW VRXUFHV FDUU\ ZLWK WKHP H[SRQHQWLDOO\ GLVWULEXWHG DPRXQWV RI ZRUN ZLWK
GLmHUHQW PHDQV
:KHQ WKH ZDLWLQJ VSDFH LV LQnQLWH WKH G\QDPLFV RI WKH WZR V\VWHPV DUH HTXLYDOHQW :KHQ WKHUH
LV D nQLWH OLPLW RQ WKH ZDLWLQJ VSDFH KRZHYHU WKH EHKDYLRU RI WKH WZR V\VWHPV GLmHUV ,Q WKH
GDWDSURFHVVRU PRGHO DUULYLQJ MREV WKDW DUH ORVW VWLOO JHQHUDWH WUDQVLWLRQV RI WKH PRGXODWLQJ 0DUNRY
FKDLQ DQG FKDQJHV LQ WKH VHUYLFHWLPH GLVWULEXWLRQ IURP RQH MRE WR WKH QH[W GHSHQG RQ ZKHWKHU RU
QRW WKH ZDLWLQJ VSDFH LV IXOO $OWHUQDWLYHO\ LQ WKH KXPDQVHUYHU PRGHO LW LV VHUYLFH FRPSOHWLRQV WKDW
JHQHUDWH WUDQVLWLRQV RI WKH PRGXODWLQJ 0DUNRY FKDLQ DQG WKHVH WUDQVLWLRQV DUH XQDmHFWHG E\ ORVW
DUULYDOV
8VLQJ D PDWUL[ GLmHUHQFH HTXDWLRQ DSSURDFK ZH DUH DEOH WR REWDLQ D FRPSOHWH FKDUDFWHUL]DWLRQ RI
WKH V\VWHP
V EHKDYLRU ZKHQ WKH 0DUNRY FKDLQ KDV WZR VWDWHV P   ,Q WKLV FDVH ZH FDQ DOVR XVH
FORVHGIRUP VROXWLRQV WR WKH UHVXOWLQJ FXELF HTXDWLRQV WR REWDLQ H[DFW VROXWLRQV IRU WKH FRPSXWDWLRQ
RI UHTXLUHG UDWH FRHpFLHQW PDWULFHV LQ WKH QXPHULFDO VWXG\ 2XU DQDO\VLV \LHOGV WKH IROORZLQJ UHVXOWV
:H REWDLQ WUDGLWLRQDO PHDVXUHV RI TXHXHLQJ SHUIRUPDQFH IRU WKLV 0 0033  V\VWHP WKH
GLVWULEXWLRQ RI WKH QXPEHU RI FXVWRPHUV LQ WKH V\VWHP DQG LQ WXUQ WKH V\VWHP XWLOL]DWLRQ WKH
DYHUDJH QXPEHU LQ WKH V\VWHP WKH DYHUDJH ZDLWLQJ WLPH LQ TXHXH DQG LQ WKH V\VWHP ,Q WKH FDVH RI
V\VWHPV ZLWK nQLWH ZDLWLQJ URRPV ZH DOVR REWDLQ WKH ORVV SUREDELOLW\
0RUH IXQGDPHQWDOO\ ZH VKRZ WKDW IRU V\VWHPV ZLWK HLWKHU LQnQLWH RU nQLWH ZDLWLQJ VSDFHV WKH
VWHDG\VWDWH GLVWULEXWLRQ RI WKH QXPEHU RI FXVWRPHUV LQ WKH V\VWHP FDQ EH UHSUHVHQWHG DV WKH VX
SHUSRVLWLRQ RI WZR PDWUL[JHRPHWULF VHULHV ;Q   5Q
￿.￿  5Q
￿.￿;￿ +HUH 5￿ DQG 5￿ DUH WZR
VTXDUH PDWULFHV DQG ;Q LV WKH YHFWRU RI VWHDG\VWDWH V\VWHP SUREDELOLWLHV IRU VWDWHV ZKLFK KDYH Q
FXVWRPHUV LQ WKH V\VWHP
)XUWKHUPRUH ZH SURYH WKDW HYHQ ZKHQ V\VWHP XWLOL]DWLRQ LV VWULFWO\ OHVV WKDQ RQH WKH VSHFWUDO
UDGLXV RI DW OHDVW RQH RI WKH UDWH PDWULFHV ZLOO DOZD\V EH DW OHDVW RQH ,Q WKLV FDVH WKH SURFHVV
LV HUJRGLF DQG H[KLELWV D XQLTXH SRVLWLYH VWHDG\VWDWH GLVWULEXWLRQ HYHQ WKRXJK DQ HLJHQYDOXH OLHV
RXWVLGH WKH LQWHULRU RI WKH XQLW GLVN
0RUHRYHU RXU DQDO\VLV GHYHORSV H[SOLFLW FRPSXWDEOH DQDO\WLFDO H[SUHVVLRQV IRU ERWK WKH UDWH DQG
FRHpFLHQW PDWULFHV RI WKH JHRPHWULF VHULHV 7KXV IRU WKH FDVH RI D VWDWH 0DUNRY FKDLQ ZH REWDLQ
DQ HpFLHQW FRPSXWDWLRQDO SURFHGXUH IRU FDOFXODWLQJ WKH VWHDG\VWDWH GLVWULEXWLRQ RI WKH QXPEHULQ
V\VWHP IRU 0 0033  V\VWHPV ZLWK ERWK nQLWH DQG LQnQLWH ZDLWLQJ URRPV ,Q WKH GLVFXVVLRQ DW
WKH HQG RI WKLV SDSHU ZH DOVR GLVFXVV KRZ WKLV SURFHGXUH PD\ EH H[WHQGHG WR 0 0033  V\VWHPV
ZKRVH XQGHUO\LQJ 0DUNRY FKDLQ KDV P w  VWDWHV
)RU WKH LQnQLWH ZDLWLQJ VSDFH V\VWHP ZH FRPSDUH WKH 0 0033  PRGHO ZLWK DQ DQDORJRXV
0 *  PRGHO ZLWK WKH VDPH DUULYDO UDWH DQG WKH VDPH nUVW WZR PRPHQWV RI VHUYLFH WLPH 7KURXJK
QXPHULFDO H[DPSOHV ZH VKRZ WKDW WKH 0 *  V\VWHP ZKLFK KDV LQGHSHQGHQW VHUYLFH WLPHV GRHV
QRW QHFHVVDULO\ RXWSHUIRUP WKH 0 0033  V\VWHP ZLWK FRUUHODWHG VHUYLFH WLPHV :KHQ WKH
WUDQVLWLRQ SUREDELOLWLHV RI WKH PRGXODWLQJ 0DUNRY FKDLQ DUH LQYDULDQW DFURVV VWDWHV WKH 0 0033 
V\VWHP LV HTXLYDOHQW WR DQ 0 +￿  V\VWHP DQG WKHUHIRUH LW KDV WKH VDPH H[SHFWHG EDFNORJ DV LWV
0 *  DQDORJXH :KHQ WKH PRGXODWLQJ 0DUNRY FKDLQ
V WUDQVLWLRQ SUREDELOLWLHV RXW RI WKH FXUUHQW
VWDWH IDOO EHORZ WKHVH 0 +￿  WUDQVLWLRQ SUREDELOLW\ OHYHOV KRZHYHU QXPHULFDO UHVXOWV VKRZ WKDW
0 0033  SHUIRUPDQFH VXmHUV &RQYHUVHO\ ZKHQ WKH WUDQVLWLRQ SUREDELOLWLHV RXW RI WKH FXUUHQW
VWDWH H[FHHG WKHVH OHYHOV WKHQ WKH H[SHFWHG EDFNORJ LQ WKH 0 0033  V\VWHP LV VPDOOHU WKDQ LQ
WKH 0 +￿  V\VWHP ,Q WKH nQLWH ZDLWLQJ VSDFH FDVH ORVV SUREDELOLWLHV RI WKH 0 0033  V\VWHP
DQG LWV 0 *  DQDORJXH H[KLELW WKH VDPH SDWWHUQ
7KLV QXPHULFDO HYLGHQFH OHDGV XV WR EHOLHYH WKDW WKH SDWWHUQ RI REVHUYHG GLmHUHQFHV EHWZHHQ WKH
0 0033  V\VWHP DQG LWV 0 *  DQDORJXH LV SURYDEO\ WUXH :H JLYH DQ LQWXLWLYH DUJXPHQW WR
VXSSRUW WKLV FRQMHFWXUH
 /LWHUDWXUH 5HYLHZ
7KH 0 0033  V\VWHP LV D VSHFLDO FDVH RI D ?4XDVL %LUWK DQG 'HDWK 4%' SURFHVV 4%'
SURFHVVHV FDQ EH XVHG WR PRGHO D ZLGH YDULHW\ RI VWRFKDVWLF V\VWHPV LQ SDUWLFXODU PDQ\ WHOHFRPPX
QLFDWLRQV V\VWHPV )RU EDFNJURXQG DQG H[DPSOHV VHH 1HXWV >@ DQG 6HUYL >@
1HXWV
V >@ VHPLQDO ZRUN FKDUDFWHUL]HV 4%' V\VWHPV ZLWK FRXQWDEOH VWDWH VSDFHV DV KDYLQJ ZKHQ
D FHUWDLQ ERXQGDU\ FRQGLWLRQ KROGV D VWHDG\VWDWH GLVWULEXWLRQ RI WKH QXPEHULQV\VWHP WKDW FDQ EH
GHVFULEHG DV D VLQJOH PDWUL[JHRPHWULF VHULHV ;Q   5Q;￿ 7KH UDWH PDWUL[ 5 PD\ EH GLpFXOW
WR FDOFXODWH KRZHYHU DQG WKH UHTXLUHG ERXQGDU\ FRQGLWLRQ WKDW 5 PXVW VDWLVI\ LV GLpFXOW WR YHULI\
DQG QRW JXDUDQWHHG WR KROG
)RU nQLWH 4%' SURFHVVHV ZLWK D OLPLW RI 1 LQ WKH V\VWHP 1DRXPRY >@ GHYHORSV UHVXOWV WKDW DUH
VLPLODU WR RXUV +H GHPRQVWUDWHV WKDW WKH VWHDG\VWDWH GLVWULEXWLRQ RI WKH QXPEHULQV\VWHP FDQ EH
UHSUHVHQWHG DV WKH VXSHUSRVLWLRQ RI WZR PDWUL[ JHRPHWULF VHULHV +LV UHVXOWV GLmHU IURP RXUV KRZHYHU
LQ WZR LPSRUWDQW ZD\V )LUVW KLV FKDUDFWHUL]DWLRQ UHOLHV RQ nQLWHQHVV RI WKH 4%' SURFHVV DQG FDQQRW
EH JHQHUDOL]HG LQ D VWUDLJKWIRUZDUG IDVKLRQ WR LQnQLWH 4%' V\VWHPV 6HFRQG KLV GHWHUPLQDWLRQ RI
WKH UDWH PDWULFHV 5￿ DQG 5￿ UHTXLUHV WKH FRPSXWDWLRQ RI WZR LQnQLWH VHULHV RI UHFXUVLYHO\ GHnQHG
PDWULFHV +HQFH KLV VROXWLRQ LV QRW HDVLO\ FRPSXWDEOH
7KXV IRU 0 0033  V\VWHPV ZLWK P   ZH KDYH GHYHORSHG D FKDUDFWHUL]DWLRQ RI V\VWHP
SHUIRUPDQFH WKDW UHSUHVHQWV D OLQN EHWZHHQ 1HXWV
V VLQJOHJHRPHWULFVHULHV FKDUDFWHUL]DWLRQ RI LQnQLWH
4%' SURFHVVHV DQG 1DRXPRY
V GXDOJHRPHWULFVHULHV FKDUDFWHUL]DWLRQ RI nQLWH 4%' V\VWHPV ,W LV D
VLQJOH FKDUDFWHUL]DWLRQ RI V\VWHP SHUIRUPDQFH WKDW FRYHUV ERWK WKH nQLWH DQG FRXQWDEOHVWDWHVSDFH
FDVHV ,Q DGGLWLRQ LW UHTXLUHV QR DVVXPSWLRQV FRQFHUQLQJ WKH UDWH PDWULFHV DQG LWV UDWH PDWULFHV
DUH HDV\ WR FRPSXWH
)RU 0 0033  V\VWHPV ZLWK P w  KRZHYHU RXU FKDUDFWHUL]DWLRQ KDV QRW EHHQ SURYHG ,Q
SDUWLFXODU WKH GHWHUPLQDWLRQ RI WKH UDWH PDWULFHV EHFRPHV PRUH GLpFXOW )RU D IXUWKHU GLVFXVVLRQ
VHH WKH &RQFOXVLRQ [ 6HUYL>@ SURYLGHV HpFLHQW QXPHULFDO SURFHGXUHV IRU VROYLQJ 4%' V\VWHPV
VXFK DV WKHVH
0RUULFH HW DO >@ VWXG\ 0DUNRYLDQ TXHXHLQJ V\VWHPV LQ ZKLFK LQWHUDUULYDO WLPHV DQG VHUYLFH
WLPHV DUH PRGXODWHG DFFRUGLQJ WR D GHWHUPLQLVWLF F\FOLF VWUXFWXUH )RU WKH FDVH RI F\FOLF VHUYLFH
WLPHV DQG VWDWLRQDU\ LQWHUDUULYDO WLPHV WKLV PRGHO LV D VSHFLDO FDVH RI RXUV
3UDEKX >@ GHYHORSV D 0DUNRYPRGXODWHG PRGHO WKDW DSSOLHV WR WKH LQnQLWH ZDLWLQJ VSDFH GDWD
SURFHVVRU V\VWHPV GHVFULEHG LQ WKH LQWURGXFWLRQ 7KH DQDO\VLV \LHOGV HOHJHQW :LHQHU+RSI UHSUHVHQ
WDWLRQV RI WKH ZDLWLQJWLPH GLVWULEXWLRQ RI MREV =KX DQG /L >@ GHYHORS 0DF/DXULQ VHULHV H[SDQVLRQV
WR GHVFULEH WKHVH TXDQWLWLHV ,Q WKDW WKH\ FKDUDFWHUL]H ZDLWLQJ WLPHV UDWKHU WKDQ WKH GLVWULEXWLRQ
RI WKH QXPEHULQV\VWHP WKHVH ZRUNV FRPSOHPHQW RXUV :H DOVR QRWH WKDW WKH DQDO\VHV DSSO\ RQO\
WR V\VWHPV ZLWK LQnQLWH ZDLWLQJ VSDFHV ZKLOH ZH FKDUDFWHUL]H ERWK LQnQLWH DQG nQLWH ZDLWLQJVSDFH
V\VWHPV
7KH UHVW RI WKH SDSHU ZLOO EH RUJDQL]HG DV IROORZV ,Q [[ ZH JLYH D FRPSOHWH VROXWLRQ
WR WKH VWHDG\VWDWH SUREDELOLW\ GLVWULEXWLRQ RI WKH QXPEHULQV\VWHP RI DQ 0 0033  V\VWHP
7KHQ LQ [ ZH FRPSXWH LPSRUWDQW TXHXHLQJ SHUIRUPDQFH PHDVXUHV VXFK DV DYHUDJH QXPEHU LQ
WKH V\VWHP ,Q [ ZH DQDO\]H WKH nQLWH ZDLWLQJ VSDFH TXHXHLQJ V\VWHP 0 0033  1, Q[Z H
SUHVHQW QXPHULFDO DQDO\VHV ZKLFK FRPSDUH ERWK WKH LQnQLWH DQG nQLWH V\VWHPV WR WKHLU DQDORJXHV
WKDW KDYH LLG VHUYLFH WLPHV )LQDOO\ LQ [ ZH GLVFXVV SRVVLEOH H[WHQVLRQV RI RXU UHVXOWV
 0 0033  TXHXHLQJ V\VWHP VROXWLRQ
 7KH VWHDG\VWDWH SUREDELOLW\ GLVWULEXWLRQ
,Q WKH IROORZLQJ DQDO\VLV P   LH WKH XQGHUO\LQJ 0DUNRY FKDLQ KDV RQO\ WZR VWDWHV :H GHQRWH
WKH WZR VWDWHV RI WKH 0DUNRY FKDLQ DV IDVW ) DQG VORZ 6
-REV DUULYH DFFRUGLQJ WR D 3RLVVRQ SURFHVV RI UDWH w DQG VHUYLFH WLPHV DUH H[SRQHQWLDOO\ GLV
WULEXWHG :KHQ WKH 0DUNRY FKDLQ LV LQ VWDWH ) WKH VHUYHU ZRUNV DW D UDWH RI x) DQG ZKHQ WKH
0DUNRY FKDLQ LV LQ VWDWH 6 WKH VHUYHU ZRUNV DW UDWH x6 x ) :KHQ WKH VHUYHU LV LQ VWDWH )
DQG FRPSOHWHV D VHUYLFH LW UHPDLQV IDVW ZLWK SUREDELOLW\ S)) DQG EHFRPHV VORZ ZLWK SUREDELOLW\
S)6  b S)) 6LPLODUO\ ZKHQ WKH VHUYHU LV LQ VWDWH 6 DQG FRPSOHWHV D VHUYLFH LW UHPDLQV VORZ
ZLWK SUREDELOLW\ S66 DQG EHFRPHV IDVW ZLWK SUREDELOLW\ S6)  b S66
:H OHW 36￿QQ  GHQRWH WKH VWHDG\VWDWH SUREDELOLW\ WKDW WKH VHUYHU LV VORZ DQG WKHUH DUH
Q MREV LQ WKH V\VWHP 6LPLODUO\ 3)￿Q GHQRWHV WKH VWHDG\VWDWH SUREDELOLW\ WKDW WKH VHUYHU LV IDVW DQG
WKHUH DUH Q MREV LQ WKH V\VWHP
Slow, 0
Fast, 0
Slow, 1 Slow, 2 Slow, 3
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)LJXUH  6WDWHWUDQVLWLRQ GLDJUDP RI WKH &RQWLQXRXV 7LPH 0DUNRY &KDLQ
7KH VWDWHWUDQVLWLRQ HTXDWLRQV RI WKH 0 0033  V\VWHP
V DVVRFLDWHG &RQWLQXRXV 7LPH 0DUNRY
&KDLQ &70& DUH SUHVHQWHG EHORZ :KLOH WKH\ DUH HDV\ WR IRUPXODWH WKH\ DUH GLpFXOW WR VROYH GXH
WR WKH KLJKGLPHQVLRQDOLW\ RI WKH UHFXUVLYH HTXDWLRQV 7KH FRUUHVSRQGLQJ VWDWHWUDQVLWLRQ GLDJUDP
FDQ EH IRXQG LQ )LJXUH 
:H KDYH IRU Q   WKDW
w36￿￿   x6S6636￿￿  x)S)63)￿￿ 
w3)￿￿   x6S6)36￿￿  x)S))3)￿￿ 
DQG IRU Q w 
x6  w36￿Q   w36￿Qb￿  x6S6636￿Q￿￿  x)S)63)￿Q￿￿ 
x)  w3)￿Q   w3)￿Qb￿  x6S6)36￿Q￿￿  x)S))3)￿Q￿￿ 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7KHQ WKH EDODQFH HTXDWLRQV     EHFRPH
%;Q￿￿   w;Q  $;Q￿￿ Q w 
w;￿   $;￿
)XUWKHUPRUH ZH FDQ GHnQH &   w$b￿ DQG '   $b￿% DQG HTXLYDOHQWO\ UHSUHVHQW WKH EDODQFH
HTXDWLRQV DV
;Q￿￿ b ';Q￿￿  &;Q    Q w   
;￿   &;￿ 
:H QRWH WKDW ZKHQ S6)S)6   S6)   S)) S66   S)6 WKH VHUYLFH WLPHV EHFRPH LLG K\SHU
H[SRQHQWLDO UDQGRP YDULDEOHV ,Q WKLV FDVH WKH 0 0033  V\VWHP EHFRPHV DQ 0 +￿  V\VWHP
ZKLFK LV VLPSOHU WR DQDO\]H DQG KDV EHHQ VWXGLHG E\ PDQ\ EHIRUH VHH IRU H[DPSOH .OHLQURFN >
SDJH @ )XUWKHUPRUH LI HLWKHU S6) RU S)6 LV ]HUR WKHQ LQ WKH VWHDG\VWDWH WKH V\VWHP RSHUDWHV
DV DQ 0 0  TXHXH ZKLFK KDV EHHQ ZHOO VWXGLHG VHH DOVR .OHLQURFN >@ IRU DQ H[DPSOH ,Q WKLV
SDSHU ZH ZLOO IRFXV RQ WKH FDVH LQ ZKLFK S6)  S)6    DQG S6) c S)6   
*LYHQ WKH UHSUHVHQWDWLRQ  DQG  ZH DUH UHDG\ WR VWDWH RXU PDLQ UHVXOW
7KHRUHP  :KHQ S6)  S)6   LH S6)    S))S 66    S)6 DQG S6) c S)6     WKH VROXWLRQ WR
 DQG  LV RI WKH IRUP
;Q   5Q
￿.￿  5Q
￿.￿;￿ 
ZKHUH 5￿5 ￿. ￿ DQG .￿ DUH VXFK WKDW
5
￿
L b '5L  &   L     
.￿  .￿   , 
5￿.￿  5￿.￿   & 
2QFH WKH PDWULFHV 5￿ 5￿ .￿D Q G.￿ VDWLVI\LQJ  DUH IRXQG I;QJ￿
Q ￿ DV GHnQHG E\  LV
FOHDUO\ D VROXWLRQ WR  0RUHRYHU JLYHQ ;￿  DQG  XQLTXHO\ GHWHUPLQH DOO RWKHU SUREDELOLWLHV
;Q Q! 6R LW VXpFHV WR SURYH WKH H[LVWHQFH RI D VROXWLRQ RI WKH IRUP  VXFK WKDW  DUH
VDWLVnHG
:H FRQVWUXFWLYHO\ SURYH WKH H[LVWHQFH RI 5￿ 5￿ .￿D Q G.￿ %HFDXVH ZH FRQVLGHU WKH SURRI WR
EH DQ LPSRUWDQW UHVXOW RI WKLV SDSHU DQG EHFDXVH LW LV TXLWH ORQJ DQG WHFKQLFDO ZH ZLOO SUHVHQW LW
LQ [ 5HDGHUV PDLQO\ LQWHUHVWHG LQ KRZ ZH XVH 7KHRUHP  WR GHULYH WKH 0 0033  TXHXHLQJ
PHDVXUHV VKRXOG JR GLUHFWO\ WR [
 3URRI RI 7KHRUHP 
/HPPD  6XSSRVH 5 VDWLVnHV  WKHQ LI o LV LWV HLJHQYDOXH LW VDWLVnHV
GHWo￿, b o'  &   
3URRI /HW 9 EH WKH FRUUHVSRQGLQJ HLJHQYHFWRU LH 59   o9 7KHQ 5￿ b '5  &   LPSOLHV
5￿ b '5  &9    7KHUHIRUH
o￿, b o' &9   
6LQFH HLJHQYHFWRUV DUH QRQ]HUR WKLV LPSOLHV 

/HPPD  VKRZV WKDW WKH HLJHQYDOXHV DQG HLJHQYHFWRUV RI DQ\ VROXWLRQ WR  VDWLVI\  DQG
 0RUHRYHU LW VKRZV WKDW WKH\ FDQ EH GLUHFWO\ FRPSXWHG IURP  DQG  7KH IROORZLQJ WZR
SURSRVLWLRQV VKRZ KRZ WR FRQVWUXFW WKH WZR VROXWLRQV WR  5￿￿￿ EDVHG RQ WKH VROXWLRQV WR 
DQG 
6LQFH S6)  S)6    WKHUH DUH IRXU URRWV WR HTXDWLRQ  o￿ o￿ o￿ DQG o￿ /HW 9￿ 9￿ 9￿
DQG 9￿ EH WKH FRUUHVSRQGLQJ YHFWRUV JLYHQ E\ 





$9L9 Mb￿ LV D
VROXWLRQ WR 
3URRI ,W FDQ EH YHULnHG DV IROORZV












$  &9L9 M
  o￿
L 9Lo￿
M9M b 'oL9Lo M9M&9L9 M
  
IURP  7KHUHIRUH 5￿ b '5  &   DV 9L9 M LV LQYHUWLEOH

,I D VROXWLRQ WR  5 LV QRQGLDJRQDOL]DEOH WKHQ OHW A o EH LWV PXOWLSOH HLJHQYDOXHV 6LQFH FOHDUO\
5   A o, 5 FDQ EH WUDQVIRUPHG LQWR D -RUGDQ IRUP 98 VXFK WKDW 5   98






59  A o9 
58   9 A o8 
7KH IROORZLQJ SURSRVLWLRQ VKRZV WKDW WKH LQYHUVH LV DOVR WUXH 6HH $SSHQGL[ $ IRU LWV SURRI
3URSRVLWLRQ  ,I A o LV D PXOWLSOH URRW RI  DQG 9 LV LWV FRUUHVSRQGLQJ VROXWLRQ LQ  WKHQ WKHUH
H[LVWV D 8 OLQHDUO\ LQGHSHQGHQW RI 9  VXFK WKDW 5   98

# A o 
A o

$98b￿ LV D VROXWLRQ WR 
1RZ GHnQH
















7KH IROORZLQJ OHPPD LV QHHGHG IRU 3URSRVLWLRQ  ,WV SURRI FDQ DOVR EH IRXQG LQ $SSHQGL[ $
/HPPD 
 :KHQ |     RQH DQG RQO\ RQH RI WKH IRXU o
V LV  )XUWKHUPRUH WKH RWKHU WKUHH HLJHQYDOXHV
FDQQRW DOO EH WKH VDPH DQG QRQH HTXDOV 
 7KH HLJHQYHFWRU FRUUHVSRQGLQJ WR WKH HLJHQYDOXH  LV x)S)6x 6S6)
￿
 DQG LW LV OLQHDUO\ LQGH
SHQGHQW RI WKH HLJHQYHFWRUV RI RWKHU HLJHQYDOXHV
 ,I oL   oM WKHQ 9L DQG 9M DUH OLQHDUO\ GHSHQGHQW
 ,I oL    oM DQG 9L DQG 9M DUH OLQHDUO\ GHSHQGHQW   L    M   WKHQ oLoM LV DQ HLJHQYDOXH RI
&
 ,I 9L 9M DQG 9N DUH OLQHDUO\ GHSHQGHQW   L    M    N  W K H QoL oM DQG oN FDQQRW EH DOO
GLVWLQFW
7KH IROORZLQJ SURSRVLWLRQ XVHV WKH UHVXOWV RI 3URSRVLWLRQV  DQG  WR SURYLGH D SURFHGXUH IRU
GHWHUPLQLQJ VROXWLRQ WR  7KXV LW SURYLGHV D FRQVWUXFWLYH SURRI RI 7KHRUHP  :LWKRXW ORVV
RI JHQHUDOLW\ ZH FDQ OHW o￿  
3URSRVLWLRQ 
 /HW oL9 LL   EH JLYHQ E\  DQG  DQG OHW o￿    7KHUH DUH WZR SRVVLELOLWLHV
D 6XSSRVH WKHUH H[LVW D SDLU RI OLQHDUO\ LQGHSHQGHQW YHFWRUV LQ 9￿ 9￿ DQG 9￿ VD\ 9￿ DQG
9￿ 7KHUH DUH WZR SRVVLEOH FDVHV ,Q WKH nUVW o￿ LV GLmHUHQW IURP ERWK o￿ DQG o￿W K H Q










$9￿9 ￿b￿ DUH ERWK
VROXWLRQV WR  ,Q WKH RWKHU FDVH o￿   o￿ RU o￿ :LWKRXW ORVV RI JHQHUDOLW\ OHW o￿   o￿











DUH ERWK VROXWLRQV WR  ZKHUH 8￿ LV IRXQG YLD 3URSRVLWLRQ  HTXDWLRQ 
E 6XSSRVH 9￿ 9￿ DQG 9￿ DUH SDLUZLVH OLQHDUO\ GHSHQGHQW WKHQ o￿ o￿D Q Go￿ FDQ EH











$9￿8 ￿b￿ DUH ERWK VROX
WLRQV WR  ZKHUH 8￿ LV IRXQG YLD 3URSRVLWLRQ 
 5￿ DQG 5￿ DV FRQVWUXFWHG LQ D DQG E KDYH QR FRPPRQ HLJHQYDOXHV
 /HW 5￿ DQG 5￿ EH JLYHQ LQ D DQG E 7KHQ WKHUH H[LVW .￿ DQG .￿ VXFK WKDW  DQG 
DUH VDWLVnHG
3URRI 7R SURYH SDUW D ZH QRWH WKDW LQ WKH ODWWHU FDVH 9￿ DQG 9￿ DUH OLQHDUO\ LQGHSHQGHQW
DFFRUGLQJ WR SDUW  RI /HPPD  3DUW D WKHQ IROORZV IURP 3URSRVLWLRQ  LQ WKH IRUPHU FDVH DQG
3URSRVLWLRQV  DQG  LQ WKH ODWWHU FDVH
7R SURYH SDUW E ZH QRWH WKDW SDUWV  DQG  RI /HPPD  WRJHWKHU VKRZ WKDW o￿ o￿D Q Go￿
FDQ EH QHLWKHU DOO GLVWLQFW QRU DOO WKH VDPH 7KH UHVW IROORZV DJDLQ IURP 3URSRVLWLRQV  DQG 
)URP RXU FRQVWUXFWLRQ RI 5￿ DQG 5￿ LQ D DQG E LW LV FOHDU WKDW WKH\ KDYH QR FRPPRQ
HLJHQYDOXHV LQ DOO FDVHV :H QRWH WKDW LQ WKH ODWWHU FDVH RI D    o￿    o￿ DQG o   o￿    o￿ IURP
SDUW  RI /HPPD 
:H ZLOO GHIHU WKH SURRI RI SDUW  WR $SSHQGL[ $

 &RPSOHWH 6ROXWLRQ RI WKH 6WHDG\ 6WDWH 3UREDELOLW\ 'LVWULEXWLRQ
)URP 7KHRUHP  ZH VHH WKDW RQFH ZH NQRZ ;￿   36￿￿3 )￿￿
￿
 WKHQ DOO WKH RWKHU SUREDELOLWLHV FDQ
EH REWDLQHG IURP HTXDWLRQ  7KH IROORZLQJ WZR SURSRVLWLRQV SURYLGH WZR LQGHSHQGHQW HTXDWLRQV
WR GHWHUPLQH 36￿￿ DQG 3)￿￿ DQG LQ WXUQ WKH HQWLUH SUREDELOLW\ GLVWULEXWLRQ
3URSRVLWLRQ 














LL /HW | EH GHnQHG DV LQ  7KHQ |   w x 0RUHRYHU ZKHQ | WKH V\VWHP LV VWDEOH DQG |
LV WKH ORQJUXQ SURSRUWLRQ RI WLPH WKH V\VWHP LV EXV\
LLL :KHQ | w  WKH V\VWHP LV XQVWDEOH
3URRI 7KH WUDQVLWLRQ SUREDELOLW\ PDWUL[ RI WKH (PEHGGHG 0DUNRY &KDLQ (0& DW VHUYLFH












VXFK WKDW {   {31 R W HW K D W {6{ ) DUH DOVR WKH ORQJUXQ SURSRUWLRQ RI VORZ
DQG IDVW VHUYLFHV 0RUH VSHFLnFDOO\ LI ZH OHW PQ EH WKH QXPEHU RI VORZ VHUYLFHV LQ WKH nUVW Q
VHUYLFHV WKH VHUYHU SURYLGHV WKHQ OLPQ￿￿ PQ  OLPQ￿￿
P￿Q￿
Q   {6 DQG OLPQ￿￿
QbP￿Q￿
Q   {)
ZLWK SUREDELOLW\ RQH
/HW 6￿6 ￿GHQRWH WKH VHTXHQFH RI VHUYLFHV SURYLGHG E\ WKLV VHUYHU DQG OHW
















































ZLWK SUREDELOLW\  +HQFH WKH ORQJUXQ DYHUDJH VHUYLFH WLPH  x LV GHnQHG DV LQ  DQG LW IROORZV
IURP  WKDW |   w x :KHQ | E\ /LWWOH
V /DZ | LV WKH ORQJUXQ DYHUDJH IUDFWLRQ RI WLPH WKH
V\VWHP LV EXV\
7R GHULYH VWDELOLW\ FRQGLWLRQV ZH GHnQH LQ /R\QHV
V >@ QRWDWLRQ 7￿7 ￿WR EH WKH VHTXHQFH















 L I |
w L I | w 
ZS
7KHUHIRUH WKH V\VWHP LV VWDEOH ZKHQ | DQG XQVWDEOH ZKHQ | w  7KLV IROORZV GLUHFWO\ IURP
7KHRUHPV  DQG  DQG &RUROODU\  LQ /R\QHV >@

3URSRVLWLRQ  SURYLGHV WKH nUVW HTXDWLRQ UHODWLQJ 36￿￿ DQG 3)￿￿
36￿￿  3)￿￿  b | 












$UUDQJH o￿ o￿ o￿ DQG o￿ LQ GHVFHQGLQJ RUGHU ZLWK UHJDUG WR WKHLU DEVROXWH YDOXHV RU LQ WKH FDVH
RI FRPSOH[ QXPEHUV PRGXOXV /HW WKH FRUUHVSRQGLQJ YHFWRUV EH 9￿   Y￿￿Y ￿￿
￿
 9￿   Y￿￿Y ￿￿
￿

9￿   Y￿￿Y ￿￿
￿
 DQG 9￿   Y￿￿Y ￿￿
￿
 6LQFH RQH LV DQ HLJHQYDOXH ZH PXVW KDYH Mo￿Mw











$9￿9 ￿b￿ 2WKHU FDVHV DUH VLPLODU














.￿Y￿￿ b .￿Y￿￿Y￿￿  Y￿￿
Y￿￿Y￿￿ b Y￿￿Y￿￿
n ￿  




.￿Y￿￿ b .￿Y￿￿Y￿￿  Y￿￿
Y￿￿Y￿￿ b Y￿￿Y￿￿
n ￿  




.￿Y￿￿ b .￿Y￿￿Y￿￿  Y￿￿
Y￿￿Y￿￿ b Y￿￿Y￿￿
n ￿  




.￿Y￿￿ b .￿Y￿￿Y￿￿  Y￿￿
Y￿￿Y￿￿ b Y￿￿Y￿￿
n ￿  

























































ZKHUH (0￿L  
30
Q ￿ oQ
L  DQG mLn L L    DUH FRQVWDQWV DV GHnQHG EHIRUH
3URSRVLWLRQ  ,I | WKHQ WKH 0DUNRY SURFHVV LV HUJRGLF DQG WKHUH H[LVWV D SRVLWLYH SUREDELOLW\
YHFWRU ;￿ VXFK WKDW HTXDWLRQ  LV VDWLVnHG 0RUHRYHU HLWKHU








  b. 
LL RU D0E 0 FRQYHUJHV WR nQLWH YHFWRU DE DQG
D36￿￿  E3)￿￿    
3URRI )URP  ZH NQRZ WKDW 36￿￿  3)￿￿ !  ZKHQ | 6XSSRVH E\ FRQWUDGLFWLRQ WKDW
36￿Q RU 3)￿Q HTXDOV ]HUR IRU VRPH Q w  7KHQ IURP HTXDWLRQV  36￿Q￿￿   RU 3)￿Q￿￿  
%HFDXVH S6) c S)6    LW IROORZV WKDW 3)￿Q   RU 36￿Q   DQG UHFXUVLYHO\ 36￿N   3)￿N  I R U
DOO N 7KLV FRQWUDGLFWV 36￿￿  3)￿￿ !  7KHUHIRUH DOO WKH SUREDELOLWLHV 36￿Q3 )￿Q Q w  DUH
SRVLWLYH DQG WKH 0DUNRY SURFHVV LV HUJRGLF
%HFDXVH WKHUH PLJKW EH LGHQWLFDO o
V LQ o￿o ￿o ￿o ￿ ZH nUVW FROOHFW WHUPV LQ  7KHQ ZH
GHQRWH E\ oL WKH ORZHVW UDQNLQJ o ZKRVH m DQG n FRHpFLHQWV DUH QRW ERWK ]HUR
6XSSRVH MoLMw DQG ZLWKRXW ORVV RI JHQHUDOLW\ VXSSRVH mL    7KHQ VLQFH OLP0￿￿ M(0￿LM   
DQG D0  
3￿
L ￿ mL(0￿L WKLV PHDQV OLP0￿￿ MD0M    %HFDXVH OLP0￿￿ D0E 0;￿   WKLV
DOVR LPSOLHV WKDW OLP0￿￿ ME0M    2WKHUZLVH ZH ZRXOG KDYH 36￿￿   FRQWUDGLFWLQJ WKH IDFW WKDW
WKH VROXWLRQ WR  LV SRVLWLYH 6R nL    DV ZHOO
7KH FRHpFLHQW RI WKH o0












7KLV FRUUHVSRQGV WR WKH nUVW FDVH LQ WKH SURSRVLWLRQ VWDWHPHQW
1RZ VXSSRVH MoLM   6LQFH WKH HLJHQYDOXHV ZLWK QRQ]HUR m DQG n FRHpFLHQWV DOO OLH ZLWKLQ WKH
XQLW GLVN ZH KDYH IURP  WKDW OLP0￿￿ D0E 0  DE IRU nQLWH DE 7KHUHIRUH IURP 
ZH KDYH HTXDWLRQ  7KLV FRUUHVSRQGV WR WKH VHFRQG FDVH LQ WKH SURSRVLWLRQ VWDWHPHQW

,Q JHQHUDO HLJHQYDOXHV RI WKH UDWH PDWULFHV DUH XVXDOO\ UHVWULFWHG WR WKH LQVLGH RI WKH XQLW GLVN
/HPPD  VKRZV WKDW LQ RXU V\VWHP KRZHYHU WKH VSHFWUDO UDGLL RI WKH UDWH PDWULFHV FRXOG EH QR
VPDOOHU WKDQ RQH %XW WKH GLYHUJHQFH RI WKH SRZHUV RI UDWH PDWUL[ SURYLGHV XV ZLWK HTXDWLRQ  RU
 D VLPSOHU VHFRQG HTXDWLRQ WKDQ 
5HPDUN  1RWH WKDW WKH XQGHUO\LQJ &70& VWHDG\VWDWH SUREDELOLW\ GLVWULEXWLRQ FDQ EH PRGHOHG














































































7KLV LV DQ H[DPSOH RI D ?4XDVL%LUWKDQG'HDWK 3URFHVV 7KHRUHP  LQ 1HXWV >@ VWDWHV
WKDW WKH 0DUNRY SURFHVV LV SRVLWLYH UHFXUUHQW LI DQG RQO\ LI WKH PLQLPDO QRQQHJDWLYH VROXWLRQ 5 WR
WKH PDWUL[TXDGUDWLF HTXDWLRQ  KDV DOO LWV HLJHQYDOXHV LQVLGH WKH XQLW GLVN DQG WKH nQLWH V\VWHP
RI HTXDWLRQV
5 b &;￿   
, b 5b￿;￿   
KDV D XQLTXH SRVLWLYH VROXWLRQ ;￿ ,Q WKLV FDVH
;Q   5Q;￿ 
,W LV QRW HYLGHQW KRZHYHU WKDW FRQGLWLRQV  DUH DOZD\V VDWLVnHG DQG HYHQ LI WKH\ DUH
VDWLVnHG WKH\ PD\ EH GLpFXOW WR YHULI\ 2XU DOJRULWKP DV GHVFULEHG LQ 3URSRVLWLRQ  JXDUDQWHHV D
VROXWLRQ DV D VXSHUSRVLWLRQ RI WZR PDWUL[JHRPHWULF VHULHV DQG WKH PDMRU FRPSXWDWLRQ UHTXLUHPHQW
LV WKH VROXWLRQ RI D SRO\QRPLDO HTXDWLRQ  DQG WKH VROXWLRQ RI OLQHDU HTXDWLRQV  +HQFH RXU
DSSURDFK SURYLGHV D QXPHULFDOO\ VLPSOH DOJRULWKP IRU DOO FDVHV LQFOXGLQJ WKRVH LQ ZKLFK 
DUH VDWLVnHG DQG 1HXWV
V UHVXOWV DSSO\
 $YHUDJH ZDLWLQJ WLPH DQG TXHXH OHQJWK
2QFH ZH NQRZ WKH FRPSOHWH GLVWULEXWLRQ RI WKH QXPEHU LQ WKH V\VWHP ZH FDQ FRPSXWH DOO WKH
LPSRUWDQW TXHXHLQJ PHDVXUHV  DYHUDJH QXPEHU LQ WKH V\VWHP DYHUDJH TXHXH OHQJWK DYHUDJH ZDLWLQJ
WLPH LQ WKH V\VWHP DQG DYHUDJH ZDLWLQJ WLPH LQ TXHXH ,Q IDFW ZH RQO\ QHHG WR FRPSXWH DQ\ RQH RI
WKH IRXU 7KH RWKHUV IROORZ HDVLO\ IURP /LWWOH
V /DZ DQG :V   :T   x :H ZLOO IRFXV RQ nQGLQJ
WKH DYHUDJH QXPEHU LQ WKH V\VWHP
%HFDXVH ;Q   5Q
￿.￿  5Q
￿.￿;￿ QL IZ HO H W/ GHQRWH WKH ORQJUXQ DYHUDJH QXPEHU LQ WKH





:H FDQ nQG / IURP WKH IROORZLQJ WZR HTXDWLRQV /HW *  
3￿
Q ￿ Q36￿Q DQG +  
3￿
Q ￿ Q3)￿Q
WKHQ /   *  + 7KHUH DUH PDQ\ ZD\V WR nQG * DQG + LQFOXGLQJ GLmHUHQWLDWLRQ RI WKH PRPHQW
JHQHUDWLQJ IXQFWLRQV 7KH IROORZLQJ DUH MXVW WZR H[DPSOHV
x6 b w*  x) b w+   w 










:H FDQ DOVR GLUHFWO\ FRPSXWH / IURP WKH PDWULFHV 5￿. ￿5 ￿. ￿  ZKLFK ZH KDYH DOUHDG\
REWDLQHG ZKHQ GHWHUPLQLQJ ;￿ 7KLV PHWKRG ZLOO EH SDUWLFXODUO\ XVHIXO LQ WKH nQLWH ZDLWLQJ VSDFH
FDVH 6R ZH ZLOO GHIHU WKH GLVFXVVLRQ WLOO WKHQ
'HWDLOHG GHULYDWLRQ RI  DQG  FDQ EH IRXQG LQ $SSHQGL[ %
 0 0033  1 TXHXHLQJ V\VWHP VROXWLRQ
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1RWH WKDW DOO WKH oL
V DQG 9L
V KDYH DOUHDG\ EHHQ REWDLQHG LQ WKH SURFHVV RI FRPSXWLQJ 5￿ DQG
5￿ 6R WKH DERYH FRPSXWDWLRQV DUH VWUDLJKWIRUZDUG 8VLQJ WKHVH LGHQWLWLHV ZH FDQ VLPSOLI\  DQG
 DQG TXLFNO\ FRPSXWH ;￿ $IWHU WKDW ZH FDQ FDOFXODWH ;Q IRU DOO Q YLD  7KH RWKHU TXHXHLQJ
PHDVXUHV IROORZ IURP VWUDLJKWIRUZDUG FRPSXWDWLRQ DQG ZLOO QRW EH SUHVHQWHG KHUH $JDLQ ZH ZLOO
WDNH DGYDQWDJH RI WKH IDFW WKDW ZH KDYH DOUHDG\ REWDLQHG DOO WKH HLJHQYDOXHV DQG HLJHQYHFWRUV LQ
FRPSXWLQJ ;￿ WR IDFLOLWDWH WKHVH FRPSXWDWLRQV )RU H[DPSOH WR nQG WKH ORQJUXQ DYHUDJH QXPEHU
LQV\VWHP ZH GLUHFWO\ FRPSXWH /  
31
Q ￿ Q;Q XVLQJ WKH LGHQWLWLHV DERYH FRQFHUQLQJ
3
Q5Q
%HFDXVH DUULYDOV DUH 3RLVVRQ WKH 3$67$ SURSHUW\ IRU FRQWLQXRXVWLPH 0DUNRY FKDLQV VHH
:ROm >@ IRU H[DPSOH LPSOLHV WKDW WKH ORVV SUREDELOLW\ HTXDOV WKH SUREDELOLW\ WKDW WKHUH DUH 1
LQ WKH V\VWHP 36￿1  3)￿1  ;1
5HPDUN  1DRXPRY >@ SURYHV WKDW LQ nQLWH 4%' V\VWHPV WKH VWHDG\VWDWH GLVWULEXWLRQ RI WKH
QXPEHULQV\VWHP PD\ EH GHVFULEHG DV WKH VXSHUSRVLWLRQ RI WZR PDWUL[JHRPHWULF VHULHV ;Q  
5QD  61bQE +HUH D DQG E DUH YHFWRUV WKDW VDWLVI\ FHUWDLQ ERXQGDU\ FRQGLWLRQV :KLOH WKLV
VROXWLRQ IRUP KROGV IRU P w  WKH FDOFXODWLRQ RI WKH WZR PDWULFHV 5 DQG 6 QHFHVVLWDWHV WKH
FRPSXWDWLRQ RI WZR LQnQLWH VHULHV RI UHFXUVLYHO\ GHnQHG PDWULFHV ,Q SDUWLFXODU
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7KHUHIRUH LQ WKH FDVH RI D VWDWH 0 0033  V\VWHP ZH H[WHQG KLV UHVXOWV E\ SURYLGLQJ PRUH
SURSHUWLHV RI WKH UDWH PDWULFHV DQG E\ SURYLGLQJ D PRUH FRPSXWDWLRQDOO\ HpFLHQW SURFHGXUH
 1XPHULFDO DQDO\VLV
,Q WKLV VHFWLRQ ZH VWXG\ WKH SHUIRUPDQFH GLmHUHQFH EHWZHHQ WKH 0 0033  V\VWHP DQG DQ
DQDORJRXV 0 *  V\VWHP LQ ZKLFK VHUYLFH WLPHV KDYH WKH VDPH nUVW WZR PRPHQWV DV WKRVH LQ WKH
0 0033  V\VWHP EXW DUH LLG
 ,QnQLWH ZDLWLQJ VSDFH WKH 0 0033  V\VWHP
:H nUVW FRQVLGHU WKH FDVH RI V\VWHPV ZLWK LQnQLWH ZDLWLQJ VSDFHV 7KH 3ROODF]HN.KLQWFKLQH IRUPXOD
LPSOLHV WKDW WKH DYHUDJH TXHXH OHQJWK RI DQ 0 *  V\VWHP GHSHQGV RQ WKH VHUYLFH WLPH GLVWULEXWLRQ
RQO\ WKURXJK WKH nUVW WZR PRPHQWV IRU H[DPSOH VHH :ROm > SDJH @ 7KHUHIRUH ZLWKRXW ORVV RI
JHQHUDOLW\ ZKHQ FDOFXODWLQJ TXHXHLQJ PHDVXUHV VXFK DV WKH DYHUDJH TXHXH OHQJWK ZH FDQ DVVXPH WKDW
WKH 0 *  V\VWHP KDV LLG K\SHUH[SRQHQWLDO +￿ VHUYLFH WLPHV ZLWK S)6 S6)  S)6 IUDFWLRQ
RI WKH VHUYLFHV EHLQJ VORZ DQG S6) S6)  S)6 IUDFWLRQ EHLQJ IDVW
7KH FDVHV ZH VWXG\ LQFOXGH D ZLGH YDULHW\ RI VFHQDULRV KLJKORZ V\VWHP XWLOL]DWLRQ KLJKPHGLXPORZ
VZLWFKLQJ SUREDELOLWLHV DQG FRPELQDWLRQV RI WKHVH ,Q 7DEOH  ZH UHSRUW WKH DYHUDJH TXHXH OHQJWK
LQ WKHVH V\VWHPV DQG ZH REVHUYH WZR LQWHUHVWLQJ SKHQRPHQD IURP WKHVH UHVXOWV
)LUVW ZKHQ x6 wDQG S6) LV YHU\ VPDOO DW WKH VDPH WLPH S)6 FDQQRW EH YHU\ ODUJH DV RWKHUZLVH
WKH V\VWHP PD\ EH XQVWDEOH WKH H[SHFWHG TXHXH OHQJWK LQ WKH 0 0033  V\VWHP LV PXFK ODUJHU
WKDQ WKDW LQ WKH 0 +￿  V\VWHP 7KLV LV QRW VXUSULVLQJ ZKHQ S6) LV VPDOO RQFH WKH VHUYHU EHFRPHV
VORZ LW WHQGV WR VWD\ VORZ IRU D ORQJ WLPH LI DW WKH VDPH WLPH x6 w  WKHQ WKH TXHXH OHQJWK JURZV
YHU\ TXLFNO\ ,Q WKH FRUUHVSRQGLQJ 0 +￿  V\VWHP KRZHYHU WKH LLG VHUYLFH WLPHV SUHYHQW WKLV
IURP KDSSHQLQJ DQG WKH V\VWHP EDFNORJ oXFWXDWHV OHVV 1HXWV > SDJH  ([DPSOH @ REVHUYHV
VLPLODU QXPHULFDO SKHQRPHQRQ DV ZHOO
6HFRQG ZKHQ S6)S)6 !  WKH H[SHFWHG EDFNORJ LQ WKH 0 +￿  TXHXH DFWXDOO\ H[FHHGV WKDW IRU
WKH 0 0033  V\VWHP 7KLV SKHQRPHQRQ LV VRPHZKDW XQH[SHFWHG EHFDXVH RQH ZRXOG QRUPDOO\
WKLQN WKDW WKH VHULDO FRUUHODWLRQV DPRQJ WKH PRGXODWHG VHUYLFH WLPHV ZRXOG FDXVH WKH 0 0033 
V\VWHP WR KDYH D ZRUVH SHUIRUPDQFH WKDQ WKH 0 +￿  V\VWHP
$V ZH QRWHG EHIRUH 7KHRUHP  KRZHYHU WKH 0 +￿  V\VWHP LV LQ IDFW DQ 0 0033  V\VWHP
ZLWK VZLWFKLQJ SUREDELOLWLHV S￿
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S )6 ZKHUH S￿
6)  S￿
)6   6R WKH FRP
SDULVRQ LQ 7DEOH  LV HTXLYDOHQW WR WKH FRPSDULVRQ EHWZHHQ DQ 0 0033  V\VWHP ZLWK VZLWFKLQJ
SUREDELOLWLHV S6)S )6 DQG DQ 0 0033  V\VWHP ZLWK VZLWFKLQJ SUREDELOLWLHV S￿
6)S ￿
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
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)6 S )6 )URP WKH LQWXLWLRQ REWDLQHG LQ WKH nUVW
REVHUYDWLRQ ZH FRQMHFWXUH WKDW EHFDXVH WKH 0 0033  V\VWHP UHSUHVHQWLQJ WKH 0 *  DQDORJXH
KDV VPDOOHU VZLWFKLQJ SUREDELOLWLHV WKH XQGHUO\LQJ 0DUNRY &KDLQ WHQGV WR VWD\ LQ ERWK VWDWHV ORQJHU
DQG WKHUHIRUH WKH V\VWHP SHUIRUPDQFH LV DFWXDOO\ ZRUVH WKDQ WKH RULJLQDO 0 0033  V\VWHP
&RQYHUVHO\ ZKHQ S6)  S)6   WKH 0 *  V\VWHP SHUIRUPV EHWWHU
&RQMHFWXUH  7KH ORQJUXQ DYHUDJH TXHXH OHQJWK RI WKH 0 0033  V\VWHP LV VPDOOHU WKDQ WKDW
RI LWV 0 *  DQDORJXH ZKHQ S6)  S)6 !  ODUJHU ZKHQ S6)  S)6   DQG WKH VDPH ZKHQ
S6)  S)6   
:H ZLOO QRW DWWHPSW WR SURYH WKH FRQMHFWXUH LQ WKLV SDSHU 7KH QXPHULFDO UHVXOWV LQ 7DEOH 
KRZHYHU VKRZ WKDW WKLV FRQMHFWXUH KROGV IRU D ZLGH YDULHW\ RI H[DPSOHV
0RVW VLJQLnFDQWO\ ZH nQG FRQFUHWH H[DPSOHV WR VKRZ WKDW WKH V\VWHP SHUIRUPDQFH DYHUDJH TXHXH
OHQJWK DYHUDJH QXPEHU LQ WKH V\VWHP DYHUDJH ZDLWLQJ WLPH LQ TXHXH DQG DYHUDJH ZDLWLQJ WLPH LQ
WKH V\VWHP RI WKH 0 0033  V\VWHP LV QRW QHFHVVDULO\ ZRUVH RU EHWWHU WKDQ LWV DQDORJRXV 0 * 
V\VWHP $V WKH FRQMHFWXUH VWDWHV WKH GLmHUHQFH DSSHDUV WR GHSHQG RQ WKH VZLWFKLQJ SUREDELOLWLHV
 7KH 0 0033  1 6\VWHP
:H QH[W FRPSDUH UHVXOWV IRU V\VWHPV ZLWK nQLWH ZDLWLQJ VSDFHV 7DEOH  UHSRUWV UHVXOWV WKDW DUH
FRPSXWHG IRU WKH VDPH VHW RI SDUDPHWHUV DV WKRVH LQ 7DEOH  7KH GLmHUHQFH KHUH LV WKDW WKHUH LV DQ
1   OLPLW RQ WKH ZDLWLQJ VSDFH ,Q DGGLWLRQ ZH DOVR FRPSDUH WKH ORVV SUREDELOLWLHV KHUH
1RWH WKDW &RQMHFWXUH  QRW RQO\ KROGV LQ WKLV nQLWHZDLWLQJVSDFH IRU WKH H[SHFWHG TXHXH OHQJWK
LW DOVR KROGV IRU WKH ORVV SUREDELOLWLHV 7KH LQWXLWLRQ SURYLGHG LQ WKH SUHYLRXV VHFWLRQ DOVR DSSHDUV
WR DSSO\ KHUH
1RWH DOVR WKDW WKH UHODWLYH GLmHUHQFH LQ ORVV SUREDELOLWLHV EHWZHHQ WKH 0 0033  V\VWHP DQG
LWV 0 +￿  DQDORJXH LV PDJQLWXGHV KLJKHU WKDQ WKH GLmHUHQFH LQ H[SHFWHG TXHXH OHQJWK LQ DOO WKH
FDVHV 7KLV VXJJHVWV WKDW ZKLOH DQ 0 *  DSSUR[LPDWLRQ PD\ SHUIRUP ZHOO LQ WHUPV RI WKH H[SHFWHG
TXHXH OHQJWK LW PD\ QRW EH D JRRG DSSUR[LPDWLRQ LQ WHUPV RI UHDO ORVV SUREDELOLW\
7DEOH  0 0033  1 YV 0 0  1 ZKHQ 1  
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2XU DQDO\VLV DQG SURFHGXUHV VKRXOG DOVR KROG LQ PRUH JHQHUDO FDVHV LQ ZKLFK WKH 0DUNRY FKDLQ WKDW
PRGXODWHV VHUYLFH WLPHV KDV P w  VWDWHV %HFDXVH RI WKH ELUWKDQGGHDWK QDWXUH RI WKH V\VWHP 
LQ ZKLFK WKH QXPEHU RI MREV LQ WKH V\VWHP FDQ RQO\ PRYH XS RU GRZQ E\ RQH DW D WLPH  WKH VWDWH
EDODQFH HTXDWLRQV FDQ EH UHSUHVHQWHG DV TXDGUDWLF GLmHUHQFH HTXDWLRQV HYHQ ZKHQ P w  7KHUHIRUH
WKH PDWUL[JHRPHWULF W\SH VROXWLRQV VKRXOG VWLOO KROG :H DUJXH DV IROORZV
6LQFH WKH VWDWH WUDQVLWLRQ HTXDWLRQV FDQ EH UHSUHVHQWHG E\  ZKHUH WKH PDWULFHV ' DQG & DUH
RI GLPHQVLRQ P w  QRZ WKH HLJHQYDOXHV DQG HLJHQYHFWRUV RI WKH UDWH PDWULFHV VKRXOG VWLOO VDWLVI\
 DQG  7KHUHIRUH ZH ZLOO IROORZ WKH VDPH SURFHGXUH WR VROYH  DQG  nUVW DQG JHW P
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V DQG Y
V 7KHQ ZH ZLOO IROORZ 3URSRVLWLRQV  DQG  WR JHQHUDWH P UDWH PDWULFHV )LQDOO\ ZH ZLOO
nQG P FRHpFLHQW PDWULFHV . VXFK WKDW ERXQGDU\ FRQGLWLRQV VXFK DV  DUH VDWLVnHG $V D UHVXOW




8QOLNH WKH FDVH P   KRZHYHU LW LV GLpFXOW WR SURYH WKDW P w  UDWH PDWULFHV FDQ EH JHQHUDWHG
IURP WKH P VROXWLRQV RI  DQG  VXFK WKDW ERXQGDU\ FRQGLWLRQV FDQ EH VDWLVnHG 2WKHU
GLpFXOWLHV PD\ LQFOXGH WKH IDFW WKDW WKHUH LV QR FORVHGIRUP VROXWLRQ WR KLJK GHJUHH SRO\QRPLDO
HTXDWLRQ  DV ZHOO DV WKH IDFW WKDW RQFH WKH GLPHQVLRQ JURZV ELJ LW PD\ EHFRPH GLpFXOW WR LQYHUW
WKH PDWULFHV +RZHYHU WKHUH DUH QXPHULFDO SURFHGXUHV IRU nQGLQJ URRWV WR SRO\QRPLDO HTXDWLRQV DQG
ZLWK WKH IDVWLQFUHDVLQJ DYDLODEOH FRPSXWLQJ SRZHU HYHQ ODUJH PDWULFHV FDQ EH LQYHUWHG UHODWLYHO\
TXLFNO\
$ 3URRIV RI WKH UHVXOWV LQ 
3URRI RI 3URSRVLWLRQ  :H SURYH WKDW WKH UHTXLUHG YHFWRU 8 FDQ EH IRXQG YLD WKH IROORZLQJ
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6LQFH WKHVH WZR HTXDWLRQV DUH OLQHDUO\ GHSHQGHQW D QRQWULYLDO VROXWLRQ 8 DOZD\V H[LVWV IRU 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
Z
￿
￿A oX￿  Z
￿
￿A oX￿   Z
￿
￿A oX￿  Z
￿
￿A oX￿   
7KDW LV A o￿, b 'A o  &8   DQG A o, b '8   3UHPXOWLSO\LQJ ERWK HTXDWLRQV E\ $ ZH






8   %HFDXVH
$o￿ b %o  w, 

# x6S66o￿ b w  x6o  w x)S)6o￿
x6S6)o￿x )S))o￿ b w  x)o  w

$
WKLV ZRXOG LPSO\ x6S66A o￿ b w  x6A o  wX￿  x)S)6A o￿X￿   DQG x6S66A o b w b x6X￿ 
x)S)6A oX￿   7KLV PHDQV A o   ￿w
w￿x)  6LPLODUO\ ZH FDQ VKRZ A o   ￿w
w￿x6 DQG LQ WXUQ WKDW
x6   x) ZKLFK FRQWUDGLFWV WKH DVVXPSWLRQ x6 x )
7KXV 8 DQG 9 DUH OLQHDUO\ LQGHSHQGHQW ,I ZH OHW 5   98

# A o 
A o

$98b￿ WKHQ  DQG
 KROG 0RUHRYHU
5￿ b '5  &98 5A o99 A o8 b 'A o99 A o8&98
 A o￿9A o9 A o￿8 b 'A o99 A o8&98
 A o
￿, b 'A o  &9A o
￿, b 'A o  &8  A o, b '9 
  
7KHUHIRUH 5￿ b '5  &   DV 98 LV LQYHUWLEOH

3URRI RI SDUW  RI /HPPD  2QFH ZH VXEVWLWXWH o   LQWR  LW LV VWUDLJKWIRUZDUG WR YHULI\
WKDW WKH GHWHUPLQDQW RI WKH UHVXOWLQJ PDWUL[ LV ]HUR
$V D UHVXOW  RU HTXLYDOHQWO\ GHW$o￿ b %o  w,   FDQ EH VLPSOLnHG WR
  x6x)S66S)) b S6)S)6o￿ b w  x6x)S))  w  x)x6S66o￿
wx6S66  x)S)) w  x6w  x)o￿ b w￿ b wx6 b wx)o  w￿
  o b >x6x)S66  S)) b o
￿ b wx6S66  wx)S))  x6x)o
￿
ww  x6  x)o b w￿@
2EYLRXVO\  FDQQRW EH D URRW EHFDXVH w￿    1RZ VXSSRVH ZH KDYH DQRWKHU URRW WKDW LV  7KHQ
ZH ZRXOG KDYH






LH |   D FRQWUDGLFWLRQ






wx6S66  wx)S))  x6x)




ww  x6  x)





x6x)S66  S)) b 

 DQG  LPSO\
wx6S66  wx)S))  x6x)











))  x6x)S66S)) b x6x)S66  S)) b @ 
 w>x￿
6x)S66  x6x￿
)S)) b x6  x)x6x)S66  S)) b @  x￿
6x￿
)
7R VKRZ FRQWUDGLFWLRQ ZH QRZ SURYH WKDW  DV D TXDGUDWLF HTXDWLRQ RI w KDV QR UHDO URRWV
7KDW LV WKH GLVFULPLQDQW LV QHJDWLYH
 ! >x￿
6x)S66  x6x￿


















)>bS6) b S))@x6x)>S66  S)) b @J
%XW S66S))b !  GXH WR  DQG WKH FRHpFLHQWV RI WKH TXDGUDWLF WHUPV LQ WKH SDUHQWKHVLV
DUH QHJDWLYH 7KXV ZH DJDLQ RQO\ QHHG WR SURYH WKDW WKH GLVFULPLQDQW LV QHJDWLYH
 ! S66  S)) b ￿ b bS)6 b S66bS6) b S))
  bS6)S66 b S)6S)) b S6)S)6
ZKLFK LV FOHDU 7KHUHIRUH ZH KDYH SURYHG WKDW  DQG  DUH FRQWUDGLFWRU\ $V D UHVXOW WKH
RWKHU WKUHH HLJHQYDOXHV FDQQRW DOO EH WKH VDPH

3URRI RI SDUW  RI /HPPD  ,I ZH OHW o   LW LV VWUDLJKWIRUZDUG WR YHULI\ WKDW x)S)6x 6S6)
￿
LV D VROXWLRQ WR  0RUHRYHU LI ZH n[ 9   x)S)6x 6S6)
￿
LQ  WKHQ ZH JHW WKH IROORZLQJ
WZR HTXDWLRQV
x6x)S)6o￿ b w  x6x)S)6o  wx)S)6  
x6x)S6)o
￿ b w  x)x6S6)o  wx6S6)  
7KH nUVW HTXDWLRQ KDV WZR URRWV  DQG w x6 DQG WKH VHFRQG HTXDWLRQ KDV WZR URRWV  DQG w x)
%HFDXVH x6 x )  LV WKHQ WKH RQO\ VROXWLRQ

3URRI RI SDUW  RI /HPPD  %\ FRQWUDGLFWLRQ VXSSRVH oL   oM   o DQG 9L DQG 9M DUH OLQHDUO\





$9L9 Mb￿ LV D VROXWLRQ
WR  1RWH KRZHYHU WKDW KHUH 5   o, %XW WKLV LV LPSRVVLEOH EHFDXVH WKHUH H[LVWV QR o VXFK WKDW
o￿, b o' &   

3URRI RI SDUW  RI /HPPD  ,I 9L DQG 9M DUH OLQHDUO\ GHSHQGHQW WKHQ 9L   F9M ZKHUH F LV D
FRQVWDQW 7KHUHIRUH ZH KDYH
o￿
L , b 'oL  &9L   
o￿
M, b 'oM  &9M   o￿
M, b 'oM  &9L   
0XOWLSO\LQJ  E\ oM DQG  E\ oL DQG WDNLQJ WKH GLmHUHQFH ZH KDYH
oLoMoL b oM,  oM b oL&9L  
oLoM, b &9L   
VLQFH oL    oM 7KHUHIRUH oLoM LV DQ HLJHQYDOXH RI &

3URRI RI SDUW  RI /HPPD  6XSSRVH E\ FRQWUDGLFWLRQ WKDW oL oM DQG oN DUH GLVWLQFW
7KHQ IURP /HPPD  oLoM oLoN DQG oMoN DUH DOO HLJHQYDOXHV RI & )XUWKHUPRUH LI oL oM DQG oN
DUH GLVWLQFW DQG QRQ]HUR WKHQ WKHVH WKUHH HLJHQYDOXHV DUH GLVWLQFW DV ZHOO %XW & KDV DW PRVW WZR
GLVWLQFW HLJHQYDOXHV D FRQWUDGLFWLRQ

7KH IROORZLQJ WZR OHPPDV DUH XVHG LQ WKH SURRI RI SDUW  RI 3URSRVLWLRQ 
/HPPD  /HW 5 EH D d PDWUL[ ZLWK GLVWLQFW HLJHQYDOXHV o￿ DQG o￿ DQG FRUUHVSRQGLQJ HLJHQYHFWRUV
9￿ DQG 9￿ 7KHQ IRU DQ\ YHFWRU 9    L I5￿9   F9 IRU D QRQ]HUR FRQVWDQW FW K H QF   o￿
L L  
RU  DQG 59   oL9 IRU WKH VDPH L
3URRI 6LQFH o￿ DQG o￿ DUH GLVWLQFW 9￿ DQG 9￿ DUH OLQHDUO\ LQGHSHQGHQW DQG 9 FDQ EH H[SUHVVHG
DV D OLQHDU FRPELQDWLRQ RI 9￿ DQG 9￿ 9   F￿9￿ F￿9￿ 7KHQ 5￿9   F9 LPSOLHV F￿o￿
￿9￿ F￿o￿
￿9￿  
FF￿9￿  F￿9￿L  R U 
$JDLQ VLQFH 9￿ DQG 9￿ DUH OLQHDUO\ LQGHSHQGHQW WKLV LPSOLHV F￿o￿
￿   F￿F DQG F￿o￿
￿   F￿F
%HFDXVH F￿ DQG F￿ FDQQRW ERWK EH  LI F￿    WKHQ F   o￿
￿ F￿   DQG 9   F￿9￿ HOVH LI F￿   
WKHQ F   o￿
￿ F￿   DQG 9   F￿9￿

/HPPD  5￿ b 5￿ LV LQYHUWLEOH
3URRI 6XSSRVH E\ FRQWUDGLFWLRQ WKDW 5￿ b 5￿ LV QRQLQYHUWLEOH 7KHQ WKHUH H[LVWV 9     VXFK
WKDW 5￿9   5￿9  7KLV WRJHWKHU ZLWK  LPSOLHV WKDW 5￿
￿9   5￿
￿9  DQG KHQFH 5￿5￿9   5￿5￿9
1RZ IURP  ZH KDYH
>5￿
￿ b '5￿  &@5￿9 b >5￿
￿ b '5￿  &@5￿9   
5￿5￿5￿9 b 5￿5￿5￿9   
5￿ b 5￿5￿5￿9  
6LQFH 5￿    5￿ WKH GLPHQVLRQ RI VROXWLRQ VSDFH RI 5￿ b 5￿;    LV DW PRVW RQH %HFDXVH 9 DQG
5￿5￿9 DUH ERWK VROXWLRQV ZH KDYH 5￿5￿9   F￿9 IRU VRPH FRQVWDQW F￿ 0RUHRYHU 5￿9   5￿9
DQG 5￿5￿9   F￿9 LPSO\ 5￿
￿9   F￿9  DQG KHQFH 5￿
￿9   F￿9  :LWKRXW ORVV RI JHQHUDOLW\ OHW 5￿ EH
WKH RQHPDWUL[ VROXWLRQ RI  ZLWK RQH DV LWV HLJHQYDOXH 7KHQ IURP /HPPD  5￿ KDV WZR GLVWLQFW
HLJHQYDOXHV 6LQFH F￿ LV DQ HLJHQYDOXH RI 5￿
￿ DQG 9 LWV FRUUHVSRQGLQJ HLJHQYHFWRU /HPPD  LPSOLHV
WKDW 9 LV DQ HLJHQYHFWRU RI 5￿ 5￿9   o9 7KLV LPSOLHV 5￿9   o9 DV ZHOO %XW 5￿ DQG 5￿ GR QRW
KDYH FRPPRQ HLJHQYDOXHV DFFRUGLQJ WR SDUW  RI 3URSRVLWLRQ  7KLV LV D FRQWUDGLFWLRQ

3URRI RI SDUW  RI 3URSRVLWLRQ  )URP  DQG  5￿ b 5￿.￿   & b 5￿ DQG
5￿ b5￿.￿   5￿ b& 7KHQ E\ /HPPD  .￿   5￿ b5￿b￿& b5￿. ￿   5￿ b5￿b￿5￿ b&
LV D VROXWLRQ WR   DQG 

% 'HULYDWLRQ RI / LQ WKH LQnQLWH ZDLWLQJ VSDFH FDVH
Slow, 0
Fast, 0
Slow, 1 Slow, 2 Slow, 3











SS Sp m SS Sp m SS Sp m
FF Fp m FF Fp m FF Fp m
SF Sp m SF Sp m SF Sp m
FS Fp m FS Fp m FS Fp m
)LJXUH  7ZR FXWV LQ WKH VWDWHWUDQVLWLRQ GLDJUDP
7R GHULYH  ZH nUVW EDODQFH oRZV DFURVV FXWV  LQ WKH VWDWHWUDQVLWLRQ GLDJUDP )LJXUH  $V
D UHVXOW ZH REWDLQ WKH IROORZLQJ HTXDWLRQV
w36￿Q  3)￿Q x636￿Q￿￿  x)3)￿Q￿￿ Q 
,I ZH OHW *  
3￿
Q ￿ Q36￿Q +  
3￿
Q ￿ Q3)￿Q PXOWLSO\ ERWK VLGHV RI  E\ Q DQG VXP RYHU DOO




Q   36￿Q  Q   3)￿Q x6
￿ ;
Q ￿
Q   36￿Q￿￿  x)
￿ ;
Q ￿
Q   3)￿Q￿￿
w*  +w   x6*  x)+
7KLV LV  WKH nUVW HTXDWLRQ QHHGHG
1H[W ZH UHZULWH 
;Q￿￿ b ';Q￿￿  &;Q    Q w  
;￿   &;￿
$JDLQ ZH PXOWLSO\  E\ Q   DQG VXP RYHU Q IURP  WR  WR REWDLQ
￿ ;
Q ￿
Q   ;Q￿￿ b
￿ ;
Q ￿
;Q￿￿   '
￿ ;
Q ￿
























Q;Q b ;￿ b
￿ ;
Q ￿




















1RZ LI ZH EDODQFH WKH oRZ DFURVV FXW  LQ )LJXUH  WKHQ ZH REWDLQ S6)x6
3￿
Q ￿ 36￿Q  
S)6x)
3￿
Q ￿ 3)￿Q 0RUHRYHU
3￿
Q ￿ 36￿Q  3)￿Q | 7KHUHIRUH
3￿
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RXW RI ZKLFK ZH REWDLQ RQO\ RQH LQGHSHQGHQW HTXDWLRQ HTXDWLRQ 
5HIHUHQFHV
>@ /HRQDUG .OHLQURFN 4XHXHLQJ 6\VWHPV YROXPH  7KHRU\ -RKQ :LOH\ 	 6RQV 
>@ 50 /R\QHV 7KH VWDELOLW\ RI D TXHXH ZLWK QRQLQGHSHQGHQW LQWHUDUULYDO DQG VHUYLFH WLPHV
0DWKHPDWLFDO 3URFHHGLQJV RI WKH &DPEULGJH 3KLORVRSKLFDO 6RFLHW\ ^ 
>@ 'RXJODV - 0RUULFH 5DYLQGUD 6 *DMXODSDOOL DQG 6ULGKDU 5 7D\XU $ VLQJOH VHUYHU TXHXH ZLWK
F\FOLFDOO\ LQGH[HG DUULYDO DQG VHUYLFH UDWHV 4XHXHLQJ 6\VWHPV 7KHRU\ DQG $SSOLFDWLRQV ^
 
>@ 9DOHUL 1DRXPRY 0DWUL[PXOWLSOLFDWLYH DSSURDFK WR TXDVLELUWKDQGGHDWK SURFHVVHV DQDO\VLV ,Q
6ULQLYDV 5 &KDNUDYDUWK\ DQG $WWDKLUX 6 $OID HGLWRUV 0DWUL[$QDO\WLF 0HWKRGV LQ 6WRFKDVWLF
0RGHOV SDJHV ^ 1HZ <RUN  0DUFHO 'HNNHU ,QF
>@ 0DUFHO ) 1HXWV 0DWUL[*HRPHWULF 6ROXWLRQV LQ 6WRFKDVWLF 0RGHOV  $Q $OJRULWKPLF $SSURDFK
1XPEHU  LQ -RKQV +RSNLQV 6HULHV LQ WKH 0DWKHPDWLFDO 6FLHQFHV -RKQV +RSNLQV 8QLYHUVLW\ 3UHVV
%DOWLPRUH 0' 
>@ 18 3UDEKX 6WRFKDVWLF 6WRUDJH 3URFHVVHV 4XHXHV ,QVXUDQFH 5LVN 'DPV DQG 'DWD &RPPX
QLFDWLRQ 6SULQJHU9HUODJ 1HZ <RUN ,QF VHFRQG HGLWLRQ 
>@ / ' 6HUYL $OJRULWKPLF VROXWLRQV WR UHFXUVLYHO\ WUDGLDJRQDO OLQHDU HTXDWLRQV ZLWK DSSOLFDWLRQ
WR PXOWLGLPHQVLRQDO ELUWKGHDWK SURFHVVHV :RUNLQJ SDSHU *7( /DERUDWRULHV ,QFRUSRUDWHG
:DOWKDP 0$  86$ 
>@ 5RQDOG : :ROm 6WRFKDVWLF 0RGHOLQJ DQG WKH 7KHRU\ RI 4XHXHV 3UHQWLFH+DOO ,QF (QJOHZRRG
&OLmV 1HZ -HUVH\  
>@ <L[LQ =KX DQG +XDQ /L 7KH 0DF/DXULQ H[SDQVLRQ IRU D * *  TXHXH ZLWK 0DUNRYPRGXODWHG
DUULYDOV DQG VHUYLFHV 4XHXHLQJ 6\VWHPV 7KHRU\ DQG $SSOLFDWLRQV ^ 
